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1.
Introduction.-Magnetism in solids is one of the oldest and still active topics in physics. It is a form of symmetry breaking with an energy scale typically much less than the electronic Coulomb interactions which determine the underlying material structure. Thus the magnetic properties of materials are often subtle and present a continuing challenge to both theory and experiment. Indeed the calculation of magnetization densities has been largely stimulated by experimental measurements using polarised neutrons. The experiments yield the neutron magnetic scattering amplitude arising from the interaction of the neutron's magnetic moment with the orbital currents and unpaired electron spins of the crystal. The scattering amplitude is proportional to the Fourier transform of the magnetization density. Early magnetic form factor experiments were made on elements with fairly localized magnetic moments and could be analyzed using magnetization densities calculated for free ions or atoms. The atomic model is most suitable for solids containing rare earth ions with their highly localized and well shielded 4f orbitals. The theory based on the atomic model is well developed and is discussed in Section II. For crystals in which the valence electrons are responsible for the magnetization there are significant solid state effects which have been detected by highly precise polarized neutron scattering experiments. In this respect neutrons have an advantage over X-rays since the scattering is dominated by just those states which are interacting with the crystal environment. In Section III we discuss the case of magnetically ordered d-band metals where the theoretical analysis is frequently made in terms of a spin density obtained from band structure calculations and a small orbital contribution is estimated from the atomic model. For metals in which the magnetization is induced by an applied field the orbital contribution is frequently dominant, and it is in this area that there remains many questions in spite of the impressive efforts which have gone into developing expressions for the total magnetic susceptibility. In Section IV we review the present situation for the calculation of the static magnetic response in metals and express the hope that this field will see continued advances. We shall not in this review discuss the dynamical response, however this is an exciting topic which will
11.
The atomic model.-For most magnetic systems of i n t e r e s t the magnetization involves e a s i l y i d e n t i f i a b l e valence o r b i t a l s and a comparison with the corresponding atomic form f a c t o r gives valuable information about the r e l a t i v e expansion or contraction of these o r b i t a l s i n t h e s o l i d .
Thus the t h e o r e t i c a l atomic form f a c t o r s , which have been t a b u l a t e d , a i d i n the f i r s t s t e p of data a n a l y s i s by providing a s c a l e t o estimate s o l i d s t a t e e f f e c t s . A s an example, t h e experimental magnetic form f a c t o r f o r ferromagnetic t r a n s i t i o n metals can be f i t using the f u n c t i o n a l form [ l ] :
f ( 2 ) = ( 2 / g ) ( l + a ) f&,in(e) + (q) fzrbit(e) -a s ( @ where f:pin and f:rbit a r e obtained from spin-polarized Hartree-Fock c a lc u l a t i o n s f o r t h e f r e e atoms 121 evaluated a t t h e s c a t t e r i n g vector 2. The g f a c t o r , defined a s t h e r a t i o of the magnetic moment t o the s p i n , can be determined [3] from t h e gyromagnetic r a t i o measured i n Einstein-de Haas experiments [4] and allows the s e p a r a t i o n of o r b i t a l and spin contributions. The f a c t o r a which was introduced t o improve t h e f i t has been ascribed t o a uniform negative spin d e n s i t y a r i s i n g from f r e e -e l e c t r o n l i k e s t a t e s [1, 5] . However, t h e r e has been some new a n a l y s i s which suggests the data i s c o n s i s t e n t with a=O [ 6 , 7 ] .
Core p o l a r i z a t o n and asymmetric (eg vs t p g ) c o n t r i b u t i o n s can be e x p l i c i t l y included r e s u l t i n g i n a n e a r l y p e r f e c t f i t f o r t h e 3d t r a n s i t i o n metals.
It i s doubtful t h a t f u r t h e r development of the atomic model f o r t h e s e metals would be worthwhile s i n c e s o l i d s t a t e e f f e c t s a r e l a r g e r than t h e remaining e r r o r s i n the f i t . The r e a l t h e o r e t i c a l challenge i s the determination of t h e form f a c t o r e n t i r e l y from f i r s t p r i n c i p l e s using a s o l i d s t a t e r a t h e r than an atomic approach. Before dealing with t h i s s u h j e c t t h e a p p l i c a t i o n of the atomic model t o r a r e e a r t h ions should be mentioned since the model is most a p p r o p r i a t e f o r the 4f s t a t e s i n these systems and has reached a mature and e l e g a n t stage.
Shortly a f t e r the discovery of the neutron Bloch [ 8 ] and Schwinger [91 showed t h a t magnetic s c a t t e r i n g of neutrons should be an observable e f f e c t . A few y e a r s l a t e r Halpern and Johnson [ l o ] published a c l a s s i c paper dealing with t h e magnetic s c a t t e r i n g from t h e unpaired spin density i n atoms.
Some f o u r t e e n years l a t e r Trammel 1111 extended t h e i r work t o atoms with o r b i t a l magnetic moments using the formalism of Condon and Shortly. I n 1966 Johnston a p p l i e d the t e n s o r techniques of Racah [12,13] t o the problem. H i s work was extended i n a number of a r t i c l e s [13-181 and has heen reviewed i n the book by Marshall and Lovesey [19] . More recently S t a s s i s and Deckman [20-211 have provided an e l e g a n t and more general treatment using tensor techniques by e x p l o i t i n g the analogy with t h e i n t e r a c t i o n between polarized electromagnetic r a d i a t i o n and atoms. They give t h e following expression f o r the magnetic s c a t t e r i n g amplitude:
where y = -1.91 i s t h e neutron magentic moment i n nuclear magnetons, ro i s the c l a s s i c a l e l e c t r o n r a d i u s , o i s the neutron Pauli-spin matrix, t h e ?km a r e vector s p h e r i c a l harmonics, and T&), T&) a r e t h e i r r e d u c i b l e t e n s o r operators corresponding t o the e l e c t r o n i c and magnetic multipoles of t h e system. For atoms the niultipole o p e r a t o r s a r e expressed a s products of r a d i a l i n t e g r a l s and matrix elements of Racah t e n s o r s which a r e r e l a t e d t o t h e generators used i n tbe c l a s s i f i c a t i o n of atomic s t a t e s . Symmetry p r o p e r t i e s can t h e r e f o r e be e a s i l y i d e n t i f i e d and exploited. The formalism is gauge i n v a r i e n t by including the e l e c t r i c multipole moments although they a r e not important f o r e l a s t i c s c a t t e r i n g . For f u t u r e i n e l a s t i c experiments a t pulsed source e n e r g i e s or f o r mixed v a l e n t m a t e r i a l s where p a r i t y changes between i n i t i a l and f i n a l s t a t e s may occur f o r small energy t r a n s f e r the e l e c t r i c multipole t r a n s i t i o n s may play a role. The formalism has a l s o been extended i n a f u l l y r e l a t i v i s t i c treatment [22] and the r a d i a l i n t e g r a l s necessary t o evaluate the form f a c t o r s f o r the t r i p o s i t i v e rare-earth ions have been tabulated [23, 24] using r a d i a l functions from mixed configuration Dirac-Fock atomic calculations. A review of the formalism and neutron s c a t t e r i n g experiments involving r a r e e a r t h s can be found i n the a r t i c l e by Sinha [25] .
111. The Band-Structure Approach.-In the l a s t 10 years there has been dramatic progress i n our a b i l i t y t o c a l c u l a t e ground s t a t e properties (including magnetization d e n s i t i e s ) . Not only has computing power greatly increased, but a l s o the formalism of Hohenberg, Kohn, and Sham [26, 27] has given a p r a c t i c a l t h e o r e t i c a l foundation f o r t r e a t i n g i n t e r a c t i n g e l e c t r o n s i n inhomogeneous systems. This must be regarded a s a major conceptual advance so t h a t t r u l y f i r s t p r i n c i p l e calculations a r e now being performed with no adjustable parameters. A t present most of the applications of t h e formalism make use of band t h e o r e t i c a l techniques and the so-called l o c a l (spin) density approximation, L(S)DA, f o r the e l e c t r o n i c exchange and c o r r e l a t i o n s energies which e n t e r the theory. Understanding t h i s approximation, i t s successes and l i m i t a t i o n s , and how t o improve i t f o r the calculation of ground s t a t e and excited s t a t e phenomena has become a major industry i n s o l i d s t a t e physics. Recent reviews by Rajagopal on density functional theory [28] and by Koelling on self-consistent band calculat i o n s [29] a r e recommended as i s the book on calculated ground s t a t e properties of t r a n s i t i o n metals by Moruzzi, Janak and Williams [30] and the review of the e l e c t r o n i c s t r u c t u r e of t r a n s i t i o n metals by MacKintosh and Andersen [31] . There has a l s o been a recent review by Menzinger and Sacchetti 1321 on the c a l c u l a t i o n of spin d i s t r i b u t i o n s i n t r a n s i t i o n metal elements and a l l o y s which discusses the LSDA. W e w i l l therefore r e s t r i c t ourselves t o a very brief and personal summary of the current s i t u a t i o n and possible f u t u r e directions.
The f i r s t p r i n c i p l e t i g h t binding c a l c u l a t i o n s of Callaway and
Wang f o r ferromagnetic Fe and N i 133,341 serve t o i l l u s t r a t e the success of the band theory approach and have been widely described.
Using the form of the LSDA suggested by von Barth and Hedin 1351 t h e calculated magnetic moments (magnetons per atom) were found t o be 0.58 f o r N i and 2.16 f o r Fe which a r e t o be compared with the experimental spin only values of 0.56 and 2.12.
The corresponding form f a c t o r s agree t o within a few percent with a l l the measured r e f l e c t i o n s . There a r e systematic differences indicating the calculated anisotropy i s too small especially f o r N i , and t h a t the o r b i t a l contribution which was neglected i n the c a l c u l a t i o n i s small but s i g n i f i c a n t [6, 36] . These calculations a r e well converged and avoid any shape approximations f o r the p o t e n t i a l (such as t h e muffin-tin approximation). This leaves two major sources of e r r o r : the LSDA and the neglect of r e l a t i v i s t i c e f f e c t s l i k e spin o r b i t coupling which is responsible f o r t h e small o r b i t a l contribution t o the magnetization. W e b r i e f l y describe each of these.
The LSDA of von Barth and Hedin [35J i s based on many body calculations f o r t h e exchange and c o r r e l a t i o n energies of a spin polarized electron gas. There has recently appeared accurate Monte Carlo calculations f o r the electron gas [37] which d i f f e r somewhat from e a r l i e r approximations. Vosko s. [381 have reviewed the various approximations and proposed a Pad6 parameterization of the LSDA based on the Monte Carlo and known high and low density r e s u l t s . This l a t e s t l o c a l form f o r the exchange and c o r r e l a t i o n functionals i s worth implementing i n f u t u r e spin polarized c a l c u l a t i o n s since i t i s probably accurate enough (the e r r o r i s estimated t o be no more than 1 mRy a t m e t a l l i c d e n s i t i e s ) t h a t one may reasonably assess the importance of non-local e f f e c t s . There has i n f a c t been some suggestions f o r approximate non-local exchange-correlation functionals [39-411 but the r e s u l t s have not yet been extended t o calculations f o r ferromagnetic metals.
For materials exhibiting spontaneous magnetization i n which the o r b i t a l contribution would normally be quenched the presence of spin-orbit coupling r e s u l t s i n an o r b i t a l magnetic moment and a spectroscopic s p l i t t i n g f a c t o r , g , JOURNAL DE PIIYSIQUE g r e a t e r than two. Calculations of the g f a c t o r a r e q u i t e involved and have not been e x c e p t i o n a l l y successful.
For example Singh Gal. [42] c a l c u l a t e g=2.14 f o r N i and 2.05 f o r Fe, while t h e experimental values a r e 2.18 and 2.09. The e r r o r s a r e f a i r l y l a r g e considering t h e 2.00 f o r the spin i s " f r e e " and the c a l c u l a t i o n s a r e f o r the o r b i t a l c o n t r i b u t i o n s . Using an e a r l i e r and much more approximate band s t r u c t u r e F l e t c h e r had already c a l c u l a t e d g=2.14 f o r N i i n 1954 [43] 
The r a r e e a r t h metals should a l s o be included under the band theory approach. Although the 4f e l e c t r o n s seem t o be well described by the atomic model [ 3 6 ] , the ordering of the 4f moments induces a n e t magnetization i n t h e conduction e l e c t r o n s which i s f a r from atomic-like.
Because
o r f o r gadolinium which did not resemble t h e form f a c t o r f o r t h e atomic 5d or 6s o r b i t a l s . The spin-polarized band s t r u c t u r e c a l c u l a t i o n s by Harmon and Freeman [47] were s u c c e s s f u l i n q u a l i t a t i v e l y d e s c r i b i n g t h i s conduction e l e c t r o n form f a c t o r ; however the c a l c u l a t i o n s were not s e l f -c o n s i s t e n t and q u a n t i t a t i v e agreement was not obtained. P a r t of the discrepancy could a r i s e from t h e s u b t r a c t i o n procedure used by Moon e. where a l a r g e atomic form f a c t o r
(normalized t o = 6.42) i s subtracted from the l a r g e experimental number t o y i e l d a conduction e l e c t r o n form f a c t o r normalized t o = 0.5.
Spin polarized p o s i t r i o n a n n i h i l a t i o n experiments now i n progress 1481 may help t o c l a r i f y t h e s i t u a t i o n s i n c e t h e a n n i h i l a t i o n matrix elements emphasize the conduction e l e c t r o n s t a t e s r a t h e r than the 4f o r b i t a l s l o c a l i z e d near the atomic core. T h e o r e t i c a l l y i t would be d e s i r a b l e t o have complete s e l f -c o n s i s t e n t band s t r u c t u r e c a l c u l a t i o n s which t r e a t e d both the conduction e l e c t r o n and 4f s t a t e s simultaneously. Spin p o l a r i z e d , r e l a t i v i s t i c , s e l f -c o n s i s t e n t atomic c a l c u l a t i o n s using the LSDA appeared s u c c e s s f u l i n handling both the 4f and valence e l e c t r o n s [ 4 9 ] , however when attempted f o r the s o l i d t h e 4f spin down bands became very s l i g h t l y occupied [50]. This unphysical r e s u l t may be a s s o c i a t e d with the inadequacy of the LSDA t o t r e a t the highly inhomogeneous density of t h e 4f s h e l l . These l a t e r c a l c u l a t i o n s did not employ the new r e l a t i v i s t i c form of the exchange-correlation f u n c t i o n a l s [45] and avoided spin-orbit coupling t o keep spin a good quantum number f o r the Russell-Saunders coupled 4f s h e l l . This t h e o r e t i c a l p i c t u r e i s s u r e t o advance, motivated by t h e increased i n t e r e s t i n r a r e e a r t h metals because of mixed valent phenomena and t h e r e s u l t s of experiments r e q u i r i n g t h e now a v a i l a b l e high p u r i t y samples.
F i n a l l y we only mention the case of molecular c r y s t a l s containing magnetic t r a n s i t i o n metal atoms where the magnetization density can r e f l e c t t h e covalent bonding and i s valuable f o r chemical considerations [51] . 
t r a t e g y f o r a r r i v i n g a t expressions f o r the s u s c e p t i b i l i t y f r e q u e n t l y involves the determination of the p a r t i t i o n function and f r e e energy and then taking t h e second d e r i v a t i v e with respect t o the magnetic f i e l d . T h i s approach has advantages i n avoiding d i f f i c u l t problems concerning the behavior of conduction e l e c t r o n s near t h e s u r f a c e of c r y s t a l s [57] and i s well s u i t e d f o r i n c o r p o r a t i n g many body e f f e c t s ; however, the r e s u l t i n g expressions can be q u i t e i n t i m i d a t i n g and do not e a s i l y lend themselves t o physjcal i n t e r p r e t a t i o n o r a p p l i c a t i o n . The most recent example of t h i s approach i s the paper by Misra e t a l . [58] and t h e i r a r t i c l e contains references t o e a r l i e r work. Bulk -s u s c e p t i b i l i t y measurements provide l i m i t e d information and agreement with a t h e o r e t i c a l r e s u l t obtained by the e v a l u a t i o n of some complicated formula may involve a f o r t u i t o u s c a n c e l l a t i o n of e r r o r s . The measurement of the neutron magnetic form f a c t o r provides important a d d i t i o n a l information t o t e s t t h e theory s i n c e t h e various c o n t r i b u t i o n s t o t h e induced magnetization density have c h a r a c t e r i s t i c s p a t i a l d i s t r i b u t i o n s .
The P a u l i paramagnetic s u s c e p t i b i l i t y a r i s e s from t h e induced unpaired s p i n up s t a t e s a t the Fermi l e v e l . Neglecting spin-orbit coupling the corresponding magnetization is simply a weighted sum of the p r o b a b i l i t y density f o r s t a t e s on t h e Fermi s u r f a c e [59J To obtain t h e a c t u a l value of t h e spin contribution the exchange enhancement must be included i n the above equation. Recent t h e o r e t i c a l advances [67, 68] now allow f i r s t p r i n c i p l e determination of the enhancement accurate t o about lo%, so the t h e o r e t i c a l s i t u a t i o n i s indeed i n good shape f o r those metals l i k e Pd f o r which the s p i n paramagnetism dominates. The s i t u a t i o n f o r Sc and Lu i s a b i t l e s s c l e a r because t h e o b i t a l c o n t r i b u t i o n i s expected t o be s i g n i f i c a n t .
The s p a t i a l d i s t r i b u t i o n f o r d-like s t a t e s a t t h e Fermi energy, EF, i s l o c a l i z e d when EF i s a t t h e top of t h e d bands (antibonding s t a t e s ) and d i f f u s e when EF f a l l s a t the bottom of the d bands (bonding s t a t e s ) . Pd and P t a r
I n the absence of a magnetic f i e l d t h e o r b i t a l angular momentum of Bloch e l e c t r o n s is "quenched" (neglecting spin-orbit coupling), however t h e applied f i e l d induces a f i r s t order change i n the wavefunctions so t h a t < $~~l t l $ > i s no longer zero and a <f>*B term i n the f r e e energy i s produced. This o r b i t a l term i n t h e s u s c e p t i b i l i t y [69] can be e s p e c i a l l y l a r g e f o r t r a n s i t i o n metals where EF f a l l s i n the middle of the d-bands [70] . It i s commonly r e f e r r e d t o a s the Van Vleck s u s c e p t i b i l i t y . Using the t i g h t binding approximation [59] i n which o r b i t a l c u r r e n t s a r e r e s t r i c t e d t o a s i n g l e s i t e Carol Theisen (Ph.D. Thesis, Iowa S t a t e University, unpublished) evaluated . S t a s s i s e t a l . suggested t h e t h e o r e t i c a l wavefunctions were not adequate s i n c e t h e c a l c u l a t i o n was not s e l f -c o n s i s t e n t and used a so-called "a=l" form f o r t h e exchange p o t e n t i a l . A new s e l f -c o n s i s t e n t c a l c u l a t i o n using a b e t t e r exchange c o r r e l a t i o n p o t e n t i a l
[35] gave good agreement with recent de Haas-van Alphen experiments but did n o t y i e l d a s u b s t a n t i a l l y d i f f e r e n t form f a c t o r 1741. One i s l e f t with the suspicion One i s l e f t with the suspicion t h a t the o r b i t a l form f a c t o r f o r Lu may not be very atomic l i k e . This would be c o n s i s t e n t with t h e observation by Oh e.
1591 who c a l c u l a t e d t h e induced o r b i t a l f o r n f a c t o r f o r C r and found it could be more contracted than an atomic form f a c t o r i f EF f e l l i n the lower p a r t of the d-bands.
Unfortunately t h e work of Oh Gal. has been the only c a l c u l a t i o n of a n o r b i t a l from f a c t o r and more evidence needs t o be gathered before However the experimental values 1751 of = 149 pemu/mole and x1 = 90 pemu/mole a r e so d i f f e r e n t t h a t one must ask i f some term i s being overlooked. The measured form f a c t o r 1761 adds t o t h e puzzle since the r e f l e c t i o n s measured with the f i e l d p a r a l l e l and perpendicular t o the c a x i s do not i n d i c a t e any anisotropy. A t h e o r e t i c a l form f a c t o r c o n s i s t i n g of a 64% spin-only band theory form f a c t o r and a 36% atomic o r b i t a l form f a c t o r f i t s t h e neutron data very w e l l and e x t r a p o l a t e s t o the value a t zero s c a t t e r i n g v e c t o r , leaving the l a r g e value unexplained. The evidence seems t o i m p l i c a t e a n i s o t r o p i c o r b i t a l c o n t r i b u t i o n s which c o n t r i b u t e t o t h e bulk s u s c e p t i b i l i t y but do not show up f o r f i n i t e s c a t t e r i n g vectors. These c u r r e n t s would r e q u i r e c a l c u l a t i o n s going beyond the t i g h t binding approximation described above and by Oh e t a l . Another recent approach which includes o r b i t a l c o n t r i b u t i o n beyond the t i g h t binding approximation is based on a r e a l space Green's function method and has been developed by J. Benowitsch and H. Winter ( I n s t i t u t f u r Angewandte Kernphysik-I, Kernforschungszentrum, Karlsruhe, t o be published).
Besides a van Vleck o r b i t a l c o n t r i b u t i o n they include a term which i n the l i m i t of f r e e e l e c t r o n s goes over t o t h e Landau s u s c e p t i b i l i t y . They a r e able t o evaluate t h i s l a t t e r term f o r t r a n s i t i o n metals and f i n d f o r Nb t h a t i t i s i n f a c t paramagnetic and 5 times l a r g e r than what would be expected f o r f r e e e l e c t r o n s ! It would be very i n t e r e s t i n g t o apply e i t h e r of these methods t o hcp elements t o see i f the dramatic anisotropy d i f f e r e n c e s i n Sc and Zr can be explained. Extending t h e methods t o t h e evaluation of o r b i t a l form f a c t o r s would not only f a c i l i t a t e comparison with the neutron s c a t t e r i n g r e s u l t s but would a l s o help t o e s t a b l i s h t h e s p a t i a l c h a r a c t e r of these i n t e r c e l l u l a r currents.
As a summary we may say t h a t t h e atomic model has probably reached a peak i n i t s formal development, but i t w i l l continue t o serve a s a valuable h e u r i s t i c a i d i n t h e i n t e r p r e t a t i o n of form f a c t o r s . For magnetically ordered elements and compounds self-consistent band theory within t h e l o c a l s p i n density approximation has proven t o be remarkably a c c u r a t e f o r c a l c u l a t i o n s of ground s t a t e p r o p e r t i e s such a s the equilibrium l a t t i c e constant, the bulk modulus, the cohesive energy, t h e charge density, and the spin p a r t of the magnetization density.
There seems t o be a small underestimation of anisotropy e f f e c t s and progress i s beink made t o include r e l a t i v i s t i c e f f e c t s i n a c o n s i s t e n t manner f o r the treatment of o r b i t a l contributions. It i s s t i l l an open question as t o how f a r band theory o r the LSDA can be pushed f o r d e s c r i b i n g t h e ground s t a t e p r o p e r t i e s of m a t e r i a l s c o n t a i n i n g r a r e e a r t h s e s p e c i a l l y i n those s o l i d s e x h i b i t i n g mixed v a l e n t phenomena. For t h e case of CeSn3 anyway, t h e r e s u l t s a r e encouraging when comparing theory and experiment f o r de Haas van Alphen o r b i t s [79, 80] but l e s s s a t i s f y i n g f o r t h e form f a c t o r comparison [81-821. The agreement between band theory and experiment f o r t h e form f a c t o r of LaSn3 and t h e lack of agreement f o r CeSn3 i s r e l a t e d t o the need f o r a many body d e s c r i p t i o n f o r t h e 4f and conduction e l e c t r o n s 1831. F i n a l l y i n t h e a r e a of induced form f a c t o r s t h e P a u l i paramagnetic s p i n c o n t r i b u t i o n i s being handled r o u t i n e l y while t h e r e remains many i n t e r e s t i n g questions concerning t h e o r b i t a l contribution.
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